We propose an iterative algorithm to simulate any n-qubit Hamiltonian dynamics. The simulation entails decomposing a unitary operation into a product of simpler unitary operations, where each unitary operation can be easily implemented in a quantum simulator of choice. Our algorithm exploits the completeness of the chosen operator basis to intuitively understand the structure of the system dynamics, and scaling properties of the simulation. We illustrate the algorithm by simulating a unitary that transports quantum information from one end of a n-qubit chain to the other driven by an Ising Hamiltonian (an operation known as quantum state transfer (QST)). This is applied to provide the first experimental verification of the QST protocol by Di Franco et. al. (Phys. Rev. Lett. 101, 230502 (2008)) in an NMR quantum simulator. We also experimentally test the resilience of this protocol to static errors in the coupling parameters of the simulated Hamiltonian. Introduction: Feynman [1] alluded to the fact that one could exploit quantum mechanical evolution to simulate the dynamics of another quantum system exponentially faster than in any classical computer. This has been one of the key motivations to build a quantum information processor (QIP) [2] . Simulation not only allows one to study the dynamics of another system, perhaps not naturally available, but also to execute a certain computational task (an algorithm) [3] . More precisely, the simulation problem is the desire to efficiently implement an unitary operation U = exp(−iHt) on ones choice of QIP, where H is an n-qubit Hamiltonian. An efficient simulation is one which requires physical resources that scale polynomially with the problem size n.
Introduction: Feynman [1] alluded to the fact that one could exploit quantum mechanical evolution to simulate the dynamics of another quantum system exponentially faster than in any classical computer. This has been one of the key motivations to build a quantum information processor (QIP) [2] . Simulation not only allows one to study the dynamics of another system, perhaps not naturally available, but also to execute a certain computational task (an algorithm) [3] . More precisely, the simulation problem is the desire to efficiently implement an unitary operation U = exp(−iHt) on ones choice of QIP, where H is an n-qubit Hamiltonian. An efficient simulation is one which requires physical resources that scale polynomially with the problem size n.
The Hamiltonian of any QIP consists of the sum of the intrinsic Hamiltonian H int , and a part which depends on parameters controlled experimentally by externally applied fields H ext (t) [4] . Their specific form, of course, depends upon the inherent physical nature of the QIP. The parameters are chosen such that the following holds to an arbitrary precision:
where τ is a finite time interval. If a QIP allows universal control, i.e in principle it can simulate any desired unitary operation, then there exist the control parameters such that Eq. 1 holds [5] . However, finding them is the real challenge [6] . Instead, U sim is obtained as a sequence (product) of unitaries that are easily implementable in the QIP: U sim = U 1 U 2 ....U m [7] . In general m scales exponentially with the number of qubits n, unless U has additional structure, for instance, its matrix representation is sparse, or it has certain kinds of symmetry with respect to its action on the space of qubits [8] . Hence, the product decomposition of U unravels the physical structure of U : how it entangles different qubits, which part of the Hilbert space it accesses and how the resources required for its simulation scale with the number of qubits.
Unfortunately, the conventional method to obtain the decomposition does not allow one to probe such structure of U . In the standard methods [9] (for small n) the decomposition is achieved by resolving τ into finer time steps δt j , with the assumption that δt j → 0. A first order approximation is invoked, and numerical optimization techniques are employed: A guess decomposition U g is made, which is then compared with the desired U via an overlap function (like fidelity); U g is then bought arbitrarily close to U by iteration [9] . Since the process requires infinitesimal time steps δt j , the decomposition obtained is discontinuous and highly nonintuitive. In this letter, we rectify this problem by algorithmically decomposing U instead into finite time step building blocks that are elements of a complete operator basis [10] . Moreover, the decomposition obtained by our method for small n may allow one to deduce the same for arbitrary n.
In this letter we demonstrate the utility of our algorithm by explicitly determining the decomposition of the unitary that causes quantum state transfer (QST) in a linear n-spin chain [11] . QST physically refers to the transport of quantum information from one end of the chain to the other; allowing spin chains to act as analogues of wires in spin-based QIP architectures [12] . QST is slated to play an important role in the initialization of quantum computers, and in linking together the quantum registers of two different spin based QIPs [13] . While QST can be achieved by a hopping transfer between successive spins of the chain, this requires locally addressing each qubit, and is not experimentally viable for large n. Instead, a global control field on the spin chain, which is in general entangling, maybe more efficient [11] . For example, QST can occur if the spins are driven by an Ising Hamiltonian H I (Eq. 3 below). But this requires manufacturing a chain of spins coupled to each other in a very specific way -a task that is fraught with enormous difficulty [13] . So, while several protocols have been suggested for QST using global control Hamiltonians like H I , there is no experimental means to test their efficiency or their robustness to fabrication errors in the chain. Experimentally simulating the quantum chain allows one to probe such issues.
Here, we apply the decomposition to experimentally simulate QST in an Nuclear Magnetic Resonance (NMR) QIP [14] . We implement the QST protocol recently proposed by Di Franco et al [15] that employs H I , and does not require the spin chain to be initialized. We find that the resources for simulation scale linearly with the number of qubits, and that the Ising Hamiltonian entangles all the qubits of the chain. The algorithm is also used to obtain decompositions to experimentally test the resilience of this QST protocol to errors in the static couplings between spins.
The Quantum State Transfer: Given a n-qubit chain, initially in the state |ψ 1 · · · |ψ n , Di Franco et al suggested a protocol [15] by which QST can be achieved by evolving the spin chain under the nearest-neighbour Ising Hamiltonian H I (given below) for a time t 0 = π/4J : U QST = exp(−it 0 H I ). The importance of this protocol is that it bypasses the initialization of the spin medium (except the last qubit); hence the core of the spin chain is not under local control [15] .
where ψ ⊥ i |ψ i = 0 ∀i. A state locally equivalent to |ψ I can be recovered at the end of the chain by measuring the first qubit in the Z basis.
The Ising Hamiltonian H I has the form [15] ,
I's are a spin-1/2 Pauli matrices and we assume standard commutation relations hold. J j refers to the interneighbour coupling strength, J j = 2J 4j(n − j); while B j refers to the coupling strength of a spin site with a local magnetic field, B j = 2J (2j − 1)(2n − 2j + 1).
The algorithm: In this letter we illustrate the algorithm by explicitly obtaining a decomposition of the 3-qubit QST unitary: U QST = exp (−it 0 H I ), for t 0 = π/4J. Following the steps outlined here, the algorithm can be easily generalized for any unitary U . We will decompose U QST in the well-known NMR product operator basis [17] ,
where {α, β, γ} ∈ {x, y, z}. The aim of the algorithm is to find the m basis-elements D k (∈ B) and angles θ k such that,
Since the D k 's act on different parts of the qubit space, the decomposition reflects the internal structure of U QST in the chosen basis. Determining D k 's in Eq. (5) can be looked upon as a search problem, where the search-space is the set B. For an n-qubit system this space is of exponential size 2 2n . The central step in the algorithm is to obtain the decomposition of U QST by iteratively reducing this search space (as explained below). By using exp(−iθ k D k ) = cos (5) can be re-expressed as,
which can be simplified by using the matrix product operation as the expansion of the unitary in the complete basis B. In the special case that
where the coefficients
Note that G 0 can always be formed by suitable inclusion of elements from B. The closure of the group G 0 implies that in this case all the elements D k in the decomposition of Eq. (5) belong to G 0 . To see this, consider for example the explicit expansion of the U QST as a sum of elements in B:
The elements that figure in this basis expansion form a group,
Hence, U QST can be decomposed (as in Eq. (5)) by using D k 's that exclusively belong to G 0 , i.e. the search space for finding D k is now G 0 ⊂ B. The closure of the group also provides a means to iteratively reduce this search space: by extinguishing part of U QST to get U
QST so that the only elements in its basis-expansion (similar to Eq. (7)) now form a subgroup of G 0 . For instance, consider the unitary operator U
A similar iterative reduction can be continued by extinguishing part of U
QST to get U
QST , so that the searchspace G 2 is a subgroup of G 1 , and so on. More generally, let us assume that forming U (1) QST from U QST requires m ′ elements,
These m ′ basis-elements are precisely those that figure in the decomposition of U QST in Eq. (5). We define the norm of the space spanned by the elements of a set G (G ⊂ B) in a unitary U as,
With this definition,
The role of the m ′ elements D k in Eq. (12) is to make
QST ) = 0. They way they are ordered (in the decomposition) is chosen by dynamic programming [18] : at each of m ′ steps one affects a maximum reduction in norm; so that at the end of m ′ -steps, the norm of the space spanned by (G 0 − G 1 ) in U (1) QST is arbitrarily close to 0. For this process, it is sufficient that the D k 's belong exclusively to (G 0 − G 1 ). The angles θ k in Eq. (12) are chosen in such a way that the associated D k has no support in U (1) QST . Recurrence relations for the dynamic programming process and their scaling will be presented elsewhere [16] . In summary, the 3-qubit U QST has the decomposition:
(15) The advantage of our algorithmic approach is that by obtaining the decomposition of a unitary for small n, one maybe able to deduce its decomposition for arbitrary n. For U QST , this decomposition is given in Eq. (16), where the upper equation is for odd n, and the bottom one for even n. The number of basis elements in the decomposition (hence the resources required for simulating U QST ) scale linearly with n. Since, in general, directed information transport along a quantum chain would involve all the qubits, at least O(n) resources are needed to simulate it. Our decomposition is hence minimal in this regard. Eq. (16) also reflects the fact that U QST entangles all spins in the chain as suggested by the protocol in Eq. (2).
Experimental Simulation of Ising Hamiltonian: NMR is a pioneering architecture for experimental QIP, where the development of sophisticated control methods over several decades has led to the exploitation of the full range of the system dynamics [6] . In an NMR QIP [17] ,
k<j J kj I kz I jz , where γ j is the gyromagnetic ratio of the jth qubit (spin), and J kj is the J-coupling between spins j and k. The external control field H ext (t) = u x (t) j I jx + u y (t) j I jy is implemented via radio frequency (RF) pulses (the pulse sequence) that generate single qubit rotations about the x/y-axis-this ensures universal control [5] .
In our experiments, we use 13 C labeled 13 CHFBr 2 , where 1 H, 13 C and 19 F are the three-qubits. Experiments were performed at room temperature in a 11.7T magnetic field on an AV-500 spectrometer with a triple resonance QXI probe. The 1 H, 13 C and 19 F resonance frequencies at this field are 500MHz, 470MHz and 125MHz respectively. The couplings between the three-qubits are J HC = 224.5Hz, J HF = 49.7Hz and J F C = −310.9Hz.
Using hard pulses alone or by standard refocusing techniques [17, 19] , each element of the product operator basis B (Eq. (4)) can be implemented experimentally. One can arrive at the pulse sequence that implements U QST by piecing together the pulse sequences to construct all the elements in the decomposition. Moreover, in Eq. (15) (and Eq. (16)) all elements in the decomposition can be implemented by only using nearest neighbour couplings. The other couplings are refocused during the net period of the sequence. Hence an effective qubit chain can be created in the NMR QIP, and the pulse sequence alters the total NMR Hamiltonian so that it evolution is identical to that of the Ising Hamiltonian H I after t 0 . We will employ 1 H, 13 C and 19 F as a 3-qubit chain in that order; the J HF coupling is refocused and not used.
Let |ψ I = α|0 + β|1 be the state of the first qubit which is to be transferred along the spin chain. The protocol [15] requires that the last qubit be initialized to |0 , while the second qubit can be in any arbitrary state. For ease of measurement, we will fix the initial state of the second qubit also to |0 . The initial state of the spin chain, |ψ I 00 , was prepared from a |000 psuedopure state using a ϕ-angle X pulse on the first qubit, where ϕ = tan −1 β α . The pulse sequence for U QST (Fig  1(a) ) was then applied. However, for the readout of |ψ I , projective measurement is not possible in an ensemble QIP architecture like NMR. Instead, to verify that QST has indeed occurred, we applied a CNOT (1,3) gate, forcing the system in the state (|00 + i|11 )|ψ I . The state of the third qubit was measured with aȲ pulse with the receiver coil in the X direction. The obtained NMR signal shows excellent correlation with sin ϕ (Fig. 1(b)i) , showing that the state |ψ I has been transferred to the last qubit.
How does the effectiveness of the QST protocol change if the couplings J j of the Ising Hamiltonian are imperfect? We consider the case where the deviations of the couplings from their Ising values are equal, i.e δJ 1 = δJ 2 ; and use the NMR simulator to test the QST process by determining sequences that simulate the unitaries resulting from the changed Hamiltonians. Two representative examples of these sequences are shown in Fig. 1(c) and  1(d) . Not surprisingly, from a decomposition point of view, these sequences have a larger structure compared to the Ising Hamiltonian with perfect couplings. Our experimental results (Fig. 1(b)ii) show that the state recovered is corrupted by an additional phase, and the degree of corruption increases with the error of couplings. Consequently, the final state on the last qubit is not a faithful reflection of |ψ I , and the QST process is imperfect. Moreover, the transfer efficiency -characterized by the maximum signal amplitude -decreases with the error of couplings.
Summarizing, we have presented an algorithm to provide a decomposition for any desired unitary operator in a manner that provides an intuitive understanding of its internal structure, and which allows the unitary to be simulated by an NMR QIP. We used it to experimentally verify the quantum state transfer protocol [15] in spin chains based on the Ising Hamiltonian.
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